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We report a simple theoretical derivation of the spectrum and damping of spin waves 
in a cylindrical periodically structured magnetic nanowire (cylindrical magnonic crystal) in 
the “effective medium” approximation.  The dependence of the “effective” magnetic parame-
ters upon the individual layer parameters is shown to be different from the arithmetic average 
over the volume of the superlattice.  The formulae that are obtained can be applied firstly in 
the description of spin wave dispersion in the first allowed band of the structure; and secondly 
in the design of a magnonic crystal with band-gaps in an arbitrary part of the spin wave spec-
trum. 
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Introduction 
Materials with magnetic properties periodically modulated at the nanometer scale (so 
called magnonic crystals, or magnetic superlattices - MSL) have potential for applications in 
magneto-electronic devices.  For example, a one-dimensional thin film MSL is known to pos-
sess properties that cannot be reduced to those of the separate layers.  Also, phenomena such 
as giant magnetoresistance (GMR)1, large out-of-plane magnetic anisotropy2, and magnetic 
field controlled photonic3 and magnonic4-6 band gaps have been observed.  However, in other 
situations MSLs can be thought of as “effective media” with “effective” parameters7 that rep-
resent an average of those of the constituent layers.  A patterned recording medium consisting 
of a two-dimensional periodic array of nanosized magnetic elements8 represents another ex-
ample of a periodic magnetic structure.  Due to the demand for greater recording densities, the 
element size and separation are continuously decreasing, promoting interactions between 
elements via stray magnetic fields.  Therefore the dynamical response of an individual ele-
ment is determined by the spectrum of collective excitations of the entire array.  Moreover, 
current experimental methods do not yet provide sufficient spatial resolution for the dynami-
cal properties of a single element to be studied directly.  Consequently the magnetic proper-
ties of the element must be deduced from measurements made on the entire array. 
Arrays of cylindrical magnetic nanowires deposited electrochemically within porous 
membranes9 have attracted much attention due to their relative ease of fabrication and be-
cause of their potential for use as magneto-photonic crystals and recording media10.  In the 
latter case an element density of 1 Tbit/inch2 has recently been reported11.  Arrays of multi-
layered nanowires can also be produced by this method12,13, providing an example of a three-
dimensional (3D) MSL.  Such structures are important for the field of magneto-photonics, for 
magnetic recording technology through exploitation of the current perpendicular to the plane 
(CPP) GMR effect , and in designing patterned media with tunable “effective” magnetic prop-
erties.  Finally, a 3D MSL may also act as a 3D magnonic crystal, although the strong mag-
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netic damping present in metallic structures must be addressed if they are to be used as media 
for spin wave (SW) propagation. 
As the speed of operation of magneto-electronic devices containing MSL approaches 
the gigahertz regime, the dynamical properties of the device are increasingly determined by 
the SW spectrum of the MSL, which is strongly influenced by the presence of magnonic band 
gaps.  Due to the continuous trend towards device miniaturization, one must consider MSL 
with very small characteristic dimensions.  As we show below, reduction of the period of the 
MSL pushes the SW band gaps to higher frequencies.  The approximate position of the band 
gaps and the dispersion of the SW modes in the first allowed band, where the SW wavelength 
is long compared to the period of structural modulation, is then governed by the “effective 
medium” parameters.  It is therefore important to know how the latter depend upon the pa-
rameters of the MSL.  In this paper we provide an analytical derivation of the SW spectrum 
and damping in a single periodic multilayer nanowire (cylindrical MSL) in the “effective me-
dium” approximation, and determine the corresponding “effective” material parameters.  The 
first report upon the fabrication of such structures appeared relatively recently, and to the best 
of our knowledge there have been no experimental reports upon their dynamical properties.  
However, since the latter can be investigated by ferromagnetic resonance14, Brillouin light 
scattering15, and possibly magneto-optical pump-probe experiments16, we anticipate that dy-
namical studies will appear in the near future. 
Theory and Discussion 
Let us consider an infinitely long cylinder of radius R consisting of two different al-
ternating homogeneous layers.  The layers have thicknesses d1 and d2, exchange constants α1 
and α2, uniaxial anisotropy constants β1 and β2, Gilbert damping parameters λ1 and λ2, and gy-
romagnetic ratios g1 and g2 (gj>0, j=1,2).  The easy axis (EA) and the external bias magnetic 
field  are aligned parallel to the axis of the cylinder, which is also an easy axis for the 
shape anisotropy.  The value of the saturation magnetization M
0H
r
0 is assumed to be constant 
throughout the entire sample.  In the static magnetic state the sample is uniformly magnetized 
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along .  The interfaces are assumed to be sharp and flat, and lie perpendicular to the EA.  
A cylindrical coordinate system is chosen so that the OZ axis is parallel to the EA.  Hence, the 
spatial distribution of the material parameters can be described by  
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where χ  is one of the parameters g,,, λβα , the spatial period of the MSL is given by 
d=d1+d2, the coordinate of the nth interface is zn , and n takes the values 0,±1,±2,… 
To describe small perturbations from the ground state we use the Landau-Lifshitz-
Gilbert equations  
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where  is the magnetization.  The effective magnetic field jM
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where  is a unit vector along OZ, nr jjmh ϕ∇−=
rr
,  is the magneto-dipole field, and the magnetic 
potential φj is determined from  
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Following the method described in Ref. 17, we write the magnetization as 
( ) ( )trmMntrM jj ,, 0 rrrrr += , (5)
where jm
r  is a small perturbation from the ground state ( 0Mm j <<r ).  Then, assuming a peri-
odic dependence upon time, the latter becomes ( ) ( ) ( tirmtrm jj )ω−= exp, rrrr , and after some 
algebra one obtains  
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where 0Mg jj ω=Ω , jjj ihH λβ Ω−+=~ , and 00 MHh = .  This equation has solutions of 
the form 
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where Jm is the modified Bessel function of order m (m is an integer), ρ is the distance from 
the cylinder axis, and ψ is the azimuthal angle.  The axial and radial wave numbers Gj and κj 
must satisfy the following relation 
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where π4~~ += jj HB .  In the absence of dissipation (λj=0), this equation reduces to that de-
rived in Ref. 17.  In the general case, another relation between Ωj, m, Gj and κj must be found 
by application of appropriate boundary conditions on the cylinder surface ρ=R, but this re-
quires numerical calculations.  An analytical solution may be obtained in the limit of a thin 
nanowire R<ξex, where ξex is the exchange length.  In this case, the magnetization can be as-
sumed to be uniform within the cross-section of the cylinder (κj=0)17,18, and the following dis-
persion relation for SW in a layer of type j is obtained 
[ ]jjjj
j
j hG λβα Ω−−−Ω= i
1 . (9)
To find the SW spectrum in the entire sample, we use the Bloch theorem and impose 
exchange boundary conditions (without interface anisotropy) at the interfaces at zn19
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and finally arrive at the following expression for the SW spectrum in a thin cylindrical MSL  
6 
( ) ( ) ( ) ( ) ( 2211
22
11
11
22
2211 sinsin2
1coscoscos dGdG
G
G
G
GdGdGKd ⎟⎟⎠
⎞
⎜⎜⎝
⎛ +−= α
α
α
α ) , (11)
where  is the SW quasi-wave number and kK =)Re( κ~)Im( =K  is the inverse of the effec-
tive SW attenuation length.  This equation is well known since it is identical to that obtained 
for a SW in a thin film MSL in the short wave approximation20,21.  This means that the effects 
predicted by these earlier calculations must also appear in the present case.  However, the re-
sults discussed below, including expressions for the “effective medium” parameters, can also 
be applied to a thin film MSL when the exchange dominates.  
The spectrum and damping of a SW in the “effective medium” limit are now derived 
from (11) by assuming that the SW wavelength is greater than the spatial period of the MSL 
( , ) [20].  In this limit the SW will see the MSL as being quasi-
uniform with “effective medium” parameter values corresponding to a certain average over 
the unit cell of the MSL.  We obtain 
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where the “effective medium” parameters are given by  
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The effective anisotropy constant β  is given by an arithmetic average over the vol-
ume of the MSL (13), as one might expect.  However, the effective exchange constant α  and 
gyromagnetic ratio g , are instead obtained in (14) from an arithmetic average of the quanti-
ties  and .  As may be seen from Fig. 1, the rule for calculating the effective value dif-1−jα 1−jg
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fers significantly from the arithmetic average (13).  The “effective medium” Gilbert damping 
parameter is even more complicated (15), depending also upon the values of the gyromagnetic 
ratio in the layers.  The effective anisotropy and exchange parameters have been observed ex-
perimentally in thin film MSL’s by microwave FMR.  We therefore expect that such meas-
urements may also be used for the experimental observation of the effective damping parame-
ter and gyromagnetic ratio.  In order to avoid consideration of non-uniform demagnetizing 
fields22, we have assumed that the saturation magnetization M0 is not modulated in the struc-
ture.  However, modulation of M0 may be analytically considered in a thin film MSL, in 
which case it is easy to see from (9) and (11) that the dependence of the “effective medium” 
parameters upon those of the layers would be even more complicated. 
A uniform saturation magnetization also means that the magnetostatic fields outside 
the periodic multilayer nanowire are the same as those for a uniform nanowire.  Hence, the 
formalism developed for SWs in an array of uniform nanowires5,23 could be generalized to 
describe the dynamics in an array of periodic multilayer nanowires.  However, this is beyond 
the scope of the present paper.  In principle, a cylindrical MSL in which the saturation mag-
netization is constant but other magnetic parameters are modulated, could be made from Co-P 
alloys24,25.  The magnetic parameters of the latter are very sensitive to the phosphorous con-
centration due to transitions from the amorphous to the crystalline state and from a hexagonal 
to a cubic structure.  Parameter values representative of the Co-P system are used in the 
graphs presented here. 
In Fig. 2 we plot the SW spectrum of a cylindrical MSL (11) in which the uniaxial 
anisotropy is modulated, together with the spectrum of an “effective medium” (12) with the 
“effective” anisotropy calculated from (13) using the same layer parameters.  We see that 
band gaps emerge at “effective medium” SW frequencies for which 
d
lKeff
π= , l=1,2,….   (16)
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This may be understood by noting that the linearised Landau-Lifshitz equation without damp-
ing may be recast in a form identical to that of the Schrödinger equation, in which the peri-
odically modulated anisotropy is analogous to a periodic electronic potential26.  Modulation 
of the exchange constant and gyromagnetic ratio also leads to the formation of band gaps, al-
though these quantities are not analogous to the electron potential, and the corresponding 
band gaps shift towards higher frequencies.  Moreover, the width and position of the band 
gaps has a significant dependence upon the ratio of the MSL layer thicknesses (Fig. 3).  Nev-
ertheless, condition (16) still provides a useful starting point for designing a MSL with de-
sired band gap parameters.  Further tuning of the MSL parameters can be achieved using the 
graphical technique described in Ref. 6 and 19.  It is interesting to note that the position and 
the width of the band gap can be tuned independently.  Equation (16) shows that the position 
of the first band gap can be set by adjusting only the period of the MSL, which is probably the 
easiest parameter of the MSL to change.  The width of the band can be varied by changing the 
magnetic parameters of the layers and the ratio of their thicknesses, while leaving the “effec-
tive” parameters (13)-(15) unchanged (Fig. 3). 
In Ref. 27 and 28 we considered (in the short wave approximation) SW in a thin film 
periodic multilayer with interfaces of finite thickness, but without taking into account modu-
lation of the gyromagnetic ratio.  Those models are easily applied to a cylindrical MSL, and 
the results derived previously remain valid.  On the other hand, expressions (9), (11)-(15), 
which are derived here after the inclusion of a periodically modulated gyromagnetic ratio, are 
easily generalized to those other models. 
Summary 
The spectrum and damping of SW in a cylindrical MSL have been derived in the “ef-
fective medium” approximation.  It has been shown that the “effective medium” parameters 
have an unexpected dependence upon those of the constituent layers and, in general, are not 
given by an arithmetic average over the volume of the MSL.  The formulae that have been 
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obtained are useful in designing composite magnetic materials with desired microwave prop-
erties. 
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List of figure captions 
 
Figure 1  Ratio S of an “effective medium” parameter χ given by (14) to that given 
by (13) is plotted for the same values of the parameter in the layers χi. 
 
Figure 2  The spectrum of SW in a cylindrical MSL (11) with modulation of the 
constant of uniaxial anisotropy 512 =ββ  
1. d = 5 nm,  
2. d = 10 nm,  
3. d = 20 cm. 
The dashed line represents the SW spectrum in a fine layered nanowire 
(12). 
 
Figure 3  The spectrum of SW in a cylindrical MSL (11) with modulation of the 
constant of a) the exchange parameter 512 =αα , and b) the gyromagnetic 
ratio 512 =gg .  In both cases d = 20 nm and 
1. 212 =dd ,  
2. 512 =dd ,  
3. 1012 =dd . 
The dashed lines represent the SW spectrum in a fine layered nanowire 
(12). 
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